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We propose a hybrid quantum model combining cavity QED and optomechanics, which allows
the occurrence of equilibrium superradiant quantum phase transition (QPT) triggered by a single
photon. This single-photon-triggered QPT exists both in the cases of ignoring and including the
so-called A2 term, i.e., it is immune to the no-go theorem. It originally comes from the photon-
dependent quantum criticality featured by the proposed hybrid quantum model. Moreover, a re-
versed superradiant QPT is induced by the competition between the introduced A2 term and the
optomechanical interaction. This work offers an approach to manipulate QPT with a single photon,
which should inspire the exploration of single-photon quantum-criticality physics and the engineering
of new single-photon quantum devices.
PACS numbers: 42.50.Pp, 05.30.Rt, 07.10.Cm
I. INTRODUCTION
Quantum phase transition (QPT), driven by quantum
fluctuations [1], is fundamentally interesting and has po-
tential applications in modern quantum technology [2–6].
Dicke model (DM) [7] predicts a superradiant QPT in the
thermal equilibrium, i.e., the phase transition from a nor-
mal phase to a superradiant phase at zero temperature as
increasing the spin-field interaction [8–10], bridging the
statistical physics and electrodynamics. Recent advances
of quantum technology has led to the growing interest in
the exploration of superradiant QPT [11–16]. However
the existence of this equilibrium QPT in the cavity and
circuit QED systems is still under debate due to the no-go
theorem induced by the so-called A2 term [17–25]. Until
now, the superradiant QPT has not been realized exper-
imentally in the thermal equilibrium, while the nonequi-
librium superradiant QPT [26, 27] has been observed in
the driven cold-atom system [28–30].
Cavity optomechanics, exploring the nonlinear photon-
phonon interaction, provides an alternative platform of
manipulating the bosonic field at a quantum level [31–33].
In particular, the quadratic optomechanical coupling of-
fers a photon-dependent-modulation on the phonon po-
tential, even through it is typically very weak [34–43].
Recently, it is shown that this coupling could be increased
by a measurement-based method [44], the near-field ef-
fects [45], using a fiber cavity [46], or the good tunabil-
ity of superconducting circuit [47]. This expands the
application prospects of quadratic optomechanics in the
quantum realm [48]. A natural question is whether the
quadratic optomechanical coupling could influence the
superradiant QPT significantly. The linear optomechan-
ical interaction has been introduced into the cavity QED
to enhance the indirect atom-phonon coupling [49] or ob-
tain the rich nonlinear dynamics phenomena [50, 51].
However, the crossover between the quadratic optome-
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chanics and the QPT theory remains largely unexplored,
which may substantially advance the fields of cavity op-
tomechanics and statistical physics.
Here we propose a hybrid quantum model by introduc-
ing the quadratic optomechanical coupling into a normal
DM. During a parameter range τ , it predicts the occur-
rence of equilibrium superradiant QPT triggered by a
single photon of an ancillary mode. In principle, this
single-photon-triggered QPT is immune to the no-go the-
orem, and a reversed superradiant QPT (i.e., the phase
transition to superradiant phase happens as decreasing
the spin-field coupling) is induced by the competition
between the A2 term and the quadratic optomechani-
cal coupling. Physically, the proposed hybrid quantum
model features a photon-dependent quantum criticality,
which corresponds to a single-photon-induced reduction
(or appearance) of quantum critical point in the case
of ignoring (or including) the A2 term. This ultimately
leads to the single-photon-triggered QPT (together with
a spontaneous Z2 symmetry breaking) during a parame-
ter range τ covering the induced quantum critical point
(see the following Figs. 2 and 4). As far as we know,
this unconventional superradiant QPT is identified for
the first time, which may open the research of the single-
photon-triggered quantum criticality.
This work also has wide applications in the modern
single-photon quantum technologies. On the one hand,
it offers a new method to detect the single photon by
measurement the excitation number of a bosonic mode.
This method can effective distinguish the single photon
Fock state from a coherent state with single photon am-
plitude. Because the latter cannot trigger the superradi-
ant QPT deterministically. On the other hand, our work
provides the theoretical basis for designing new single-
photon quantum device, such as the high-precision single-
photon switching.
II. MODEL
We consider a hybrid quantum model depicted in
Fig. 1(a) (i.e., a DM coupled to an ancillary cavity
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2FIG. 1: (color online). (a) A schematic illustration of a gen-
eral hybrid model for implementing single-photon-triggered
QPT. It consists of a DM (N two-level systems σ− interacting
with a field mode b with strength λ) quadratically coupled to
an ancillary mode a with strength g0. The implementation of
this hybrid model (b) in a quadratically coupled optomechani-
cal system with a membrane-in-the-middle configuration, and
(c) in a superconducting circuit with the ability of simulating
a quadratic optomechanical coupling (see Ref. [47]) and cou-
pling to the large number of superconducting qubits [56] or
spin ensemble [57].
mode via a quadratic optomechanical coupling) with to-
tal Hamiltonian (~ = 1)
H = Han +Hdm − g0a†a(b† + b)2, (1)
where a (a†) and b (b†) are the annihilation (creation)
operators of the ancillary mode and the field mode of the
DM, respectively. Hamiltonian Hdm is given by
Hdm = ΩJz + ωb
†b+
λ√
N
(b† + b)Jx +
αλ2
Ω
(b† + b)2, (2)
with a collective coupling strength λ and the angular mo-
mentum operators Jz = (1/2)
∑N
i=1 σz, J± =
∑N
i=1 σ±,
and Jx = J− + J+. It describes N two-level systems
σ− (with frequency Ω) interacting with a field mode b
(with frequency ω) and the A2 term has been included in
the last term. Normally α ≥ 1 (decided by the Thomas-
Reiche-Kuhn sum rule [20]) corresponds to the case of im-
plementing the DM in cavity QED system, and Hdm is re-
duced to the Hamiltonian of a standard DM when α = 0.
The ancillary cavity, with Hamiltonian Han = ωca
†a,
quadratically couples to b with coupling strength g0 [35].
According to Ref. [35], here we consider the ancillary cav-
ity contains an odd number of half wavelengths of mode
a in the full cavity, which leads to the minus sign in the
quadratic coupling, i.e., the last term of Eq. (1). Hamilto-
nian (1) has Z2 symmetry associating with a well-defined
parity operator Π = eipiN , where N = b†b + Jz + N/2
is the total excitation number of system (excluding the
ancillary mode a).
The proposed hybrid quantum model could be realized
in a quadratically coupled optomechanical system [see
Fig. 1(b)]. The DM can be implemented by coupling a
FIG. 2: (color online). The excitation energies ω−, ω˜− and
the rescaled ground-state energies Eg/N , E˜g/N (the inserts)
versus χ when (a,b) α = 0 and (c,d) α = 2. In the figure, the
normal phase, superradiant phase and unstable phase are de-
noted as NP, SP and UP, respectively. The blue dots indicate
the quantum critical points, and the pink shading areas indi-
cate the tunable parameter range τ used to demonstrate the
single-photon-triggered QPT. The system parameters are cho-
sen as Ω = ω = 1, and (a,b) g0/ω = 0.249, (c,d) g0/ω = 0.251.
mechanical resonator to an ensemble of two-level systems,
e.g., the nitrogen-vacancy centers in diamond [52–55].
As shown in Ref. [54], to resonant with the microwave
transition of the spin triplet state of NV center, the me-
chanical frequency requires reaching to the order of GHz.
Specifically, the flex of diamond membrane strains the di-
amond lattice, which in turn couples directly to the spin
triplet states in the nitrogen-vacancy electronic ground
state. Note that this case corresponds to our following
results of α = 0, since the A2 term appears for elec-
tromagnetic fields normally [17, 23]. Moreover, the re-
quired quadratic coupling can be realized by placing the
semitransparent membrane at the middle of cavity, where
ω′c(0) = 0 [34, 35].
Another candidate for implementing our model is the
superconducting circuit depicted in Fig. 1(c). An ensem-
ble of two-level systems (e.g., superconducting qubits [56]
and spin ensemble [57]) coupled to resonator B forms
the DM. Moreover, the coupling capacitor C and the su-
perconducting quantum interference devices (SQUIDs)
forming resonator A offer an effective fixed semitranspar-
ent membrane and movable cavity ends, respectively. A
relative displacement of the fixed membrane with respect
to the center of resonator A is generated by synchroniz-
ing the motion of the moveable cavity ends, which is ob-
tain by applying opposite flux variations ±δΦ through
the SQUIDs. Here ±δΦ is proportional to the position
3FIG. 3: (color online). The ground-state position-variance
∆x versus coupling strength χ when (a) α = 0 and (b)
α = 2. Here ∆x =
√〈x2〉g − 〈x〉2g with x = (1/√2)(b† + b),
and the blue dots denote the corresponding singular points.
(c) The photon-dependent characteristic parameter χn versus
coupling strength χ. The main and insert parts of (b,c) denote
when the ancillary mode is in state |1〉a and |0〉a, respectively.
quadrature x of resonator B. This ultimately leads to a
x-dependent frequency ωc(x) of resonator A. Now the po-
sition quadrature x effectively oscillates in the middle of
resonator A, where ω′c(0) = 0. The quadratic optome-
chanical coupling between resonators A and B is real-
ized [47]. In addition, our proposal also might be imple-
mented in cavity opto-mechanic setup with a BEC [58].
III. PHOTON-DEPENDENT QUANTUM
CRITICALITY
The optomechanical interaction in Hamiltonian (1)
provides a photon-dependent modification on the poten-
tial of field b. It is different from the original A2 term,
whose strength is altered when one checks the occurrence
of QPT by changing λ. Considering the ancillary mode
a is prepared into the Fock state |n〉a (n = 0, 1, ...), the
number operator a†a can be replaced by an algebraic
number n. Note that, this replacement is not suited to
the coherent state with single photon amplitude due to
the coherent state is not the eigenstate of a†a. Then,
applying a squeezing transformation b = cosh(rn)bn +
sinh(rn)b
†
n with rn = (−1/4) ln[1 + αχ2 − 4ng0/ω] and
a rescaled coupling strength χ = 2λ/
√
Ωω, the Hamilto-
nian (1) becomes
Hn = ΩJz + ωnb
†
nbn +
λn√
N
(b†n + bn)Jx + Cn, (3)
where ωn = exp(−2rn)ω, λn = exp(rn)λ and Cn =
nωc + [exp(−2rn) − 1](ω/2). It clearly shows that the
present hybrid quantum model is essentially equivalent to
FIG. 4: (color online). Photon-dependent ground-state
phase-diagram. The order parameter ψq versus χ and g0 when
(a,b) n = 1 and (c) n = 0. The NP and SP correspond to the
region of ψq = 0 and ψq > 0, respectively. The white (black)
dashed contour indicates the position where ψq becomes non-
zero (an imaginary number), locating the phase transition
from NP to SP (SP to UP). The shading area τ denote any
of ranges showing the single-photon-triggered QPT.
a photon-dependent DM. It is stable only when ωn ≥ 0,
which leads to the stable conditions of system g0 ≤
ω/(4n) and χ ≥ √(1/α)(4ng0/ω − 1) for the case of ig-
noring and including the A2 term (i.e., α = 0 and α ≥ 1),
respectively. The system enters into a unstable phase
when ωn < 0, i.e., the yellow areas of Figs. 2-4.
In the thermodynamic limit N → ∞, the system can
be diagonalized analytically (see Appendix A). A photon-
dependent quantum critical point, χn = 2λn/
√
Ωωn =
1 is obtained, corresponding to χ = exp(−2rn) =√
1 + αχ2 − 4ng0/ω in term of the original system pa-
rameters. When χ < exp(−2rn) the system is in the
normal phase, featured by a lowest excitation energy ω−
and an rescaled ground-state-energy Eg/N = −Ω/2. The
corresponding ground state of system is a two-mode-
oscillator ground-state |G〉np = |00〉e with e†iei|00〉e =
0|00〉e (i = 1, 2), and it has a conserved Z2 symmetry, tes-
tified by the zero ground-state coherence of field 〈b〉g = 0.
The excitation energy ω− vanishes when χ = exp(−2rn),
locating the superradiant QPT. When χ > exp(−2rn),
the system enters into the superradiant phase and has
a lowest excitation energy ω˜− together with an rescaled
ground-state-energy E˜g/N = −(Ω/4)(χ2n + χ−2n ). Now
the ground state |G〉±sp becomes twofold degenerate and
it corresponds to a spontaneous Z2 symmetry breaking,
as is evident from the non-zero ground-state coherence
of field 〈b〉±g = ± exp(rn)β (here the sign ± is used to
distinguish two degenerate ground state). Moreover, the
rescaled ground-state occupation of field b can be defined
as the order parameter charactering superradiant QPT,
4FIG. 5: (color online). (a) The order parameter ψq versus
χ for different N when α = 2. The main and inserted plots
correspond to the case of n = 1 and 0, respectively. (b,c) The
order parameter ψq versus χ when α = 0 and the ancillary
mode a is in (b) |1〉a and (c) |0〉a. All the inserted bar graphs
clearly present the photon-dependent ratio Ω/ωn.
i.e., ψq = [exp(−4rn)ω/(NΩ)]〈b†b〉g. Then ψq = 0 when
χ < exp(−2rn), and ψq = (1/4)(χ2n−χ−2n ) becomes non-
zero when χ > exp(−2rn).
IV. SINGLE-PHOTON-TRIGGERED
SUPERRADIANT QPT
Interestingly, the photon-dependent quantum criti-
cality featured in our model leads to a single-photon-
triggered QPT, when we focus on the case of n = 0, 1.
Specifically, when the ancillary mode a is in the vac-
uum state |0〉a, Hamiltonian (3) is reduced to a stan-
dard Dicke Hamiltonian. The superradiant QPT oc-
curs at χ = 1 when α = 0 and it is prevented when
α ≥ 1 due to the no-go theorem. When a is in the
single-photon state |1〉a, the superradiant QPT occurs
at χ = exp(−2r1) =
√
1 + αχ2 − 4g0/ω, which could be
much smaller than 1 for both the case of α = 0 and α ≥ 1,
by properly choosing system parameters. Let’s consider
a parameter range χ ∈ τ to check the occurrence of su-
perradiant QPT (τ covering the single-photon-induced
quantum critical point, i.e., χ = e−2r1). As shown in
Fig. 2, the superradiant QPT during τ is triggered by ex-
citing a single photon in mode a (i.e., |0〉a → |1〉a), named
as “single-photon-triggered QPT”. It corresponds to a
single-photon-triggered Z2 symmetry breaking, demon-
strated by the ground-state coherence of field 〈b〉g.
Including the A2 term, this superradiant QPT can
still occur, since the parameter condition of QPT, χ >√
1 + αχ2 − 4g0/ω can be satisfied even when α ≥ 1.
Moreover, the present superradiant QPT is reversed com-
paring with the case happened in a standard DM, i.e.,
the transition from the normal phase to the superradi-
ant phase occurs as decreasing the original system pa-
rameter χ, as shown in Figs. 2(c) and 4(a). Physically,
Hamiltonian (3) clearly show that the phase transition to
superradiant phase occurs when χn is increased to larger
than 1. However, in our model, the competition between
the quadratic optomechanical coupling and the A2 term
induces the result that χn increases along with decreas-
ing χ, as shown in Fig. 3(c). This ultimately leads to the
reversed superradiant QPT in terms of χ.
Note that, the proposed “single-photon-triggered
QPT” occurs as changing system parameter χ during τ
at the zero temperature and its essence is still the quan-
tum fluctuation, which leads to the singularity of ground-
state position-variance ∆x at quantum critical point. As
shown in Figs. 3(a,b), in our mode, a single photon can
induce the dramatically reducing (or appearance) of sin-
gular point in ∆x when the A2 term is ignored (or in-
cluded). These singular points corresponds exactly to
the quantum critical point locating the QPT.
In Fig. 4, we plot the ground-state phase-diagram char-
actered by ψq, which presents a rich photon-dependent
dynamics. Firstly, the single-photon-triggered super-
radiant QPT is exhibited during any parameter range
τ covering the quantum critical point (i.e., the white
dashed line given by χ = e−2r1). This quantum critical
point continuously decreases along with g0 → ω/4 from
g0 < ω/4 (or g0 > ω/4) when the A
2 term is ignored (or
included). In principle, τ could be in a weak coupling
regime, i.e., χ  1 or λ  √Ωω/2. Secondly, the sys-
tem becomes unstable as increasing g0 or decreasing χ,
when ψq becomes an imaginary number corresponding
to ωn < 0 (see the unstable phase denoted by the yel-
low area). Lastly, when fixing χ, a macroscopic ground-
state occupation of field b could be induced by injecting
a single photon into cavity a (see the white dots and
dashed arrow). While this transition does not belong to
the standard QPT, it might has wide applications in the
high-precision single-photon detection and the engineer-
ing of new single-photon quantum devices.
In Fig. 5, we present the dependence of ψq on χ in the
finite N , which clearly approaches the case of N → ∞
limit (i.e., the solid lines) with increasing N . Comparing
with a normal DM [being equivalent to the case of n = 0,
i.e., Fig. 5(c)], this tendency could be faster in our model
triggered by a single photon, as shown in Figs. 5(a,b).
This might relax the parameter limit of approximately
implementing superradiant QPT experimentally. For ex-
ample, the superradiant QPT could be approximately
demonstrated under the condition of N ≥ 10 in our
model [see Figs. 5(a,b)], while it requires N ≥ 100 in the
normal DM without including the A2 term [see Fig. 5(c)].
Physically, in our model, a single photon can induce a
dramatically increasing of the ratio Ω/ωn (see the bar
graphs in Fig. 5). This leads to the result that, compar-
ing with a normal DM, our model can be closer to the
5classical oscillator limit (i.e., Ω/ωn → ∞), in which the
superradiant QPT occurs exactly [59–61].
V. DISCUSSION
To implement our proposal in the optomechanical sys-
tem, there still exists experimental challenge with cur-
rent accessible technology. The key challenge is to reach
g0 ≈ ω/4 (g0 ≈ ω′′c (0)x2zpf and xzpf being the mechan-
ical zero-point fluctuation). Based on current experi-
ments [34, 37], for a mechanical beam with 50 pg, one
can choose ω/2pi ∼100 kHz, ω′′c (0) ∼ 4.5 MHz/nm2, and
xzpf ∼ 0.5 pm, leading to g0 ∼ Hz. Then to reach
g0 ≈ ω/4, it needs to dramatically enhance ω′′c (0) and
xzpf in the future advanced experiments. Many methods
have been proposed to enhance this quadratic coupling,
such as employing the near-field effects [45] or a fiber
cavity [46].
Moreover, the flex of membrane strains the diamond
lattice, which in turn couples directly to the spin en-
semble via an effective strain-induced electric field. This
system with strain-induced spin-phonon interaction can
be described by Hdm with α = 0 (i.e., no quadratic
mechanical potential) [62, 63]. By properly locating
the spin ensemble near the surface of the membrane
with optimized Young’s modulus, λ can reach the or-
der of kHz [54, 64, 65] corresponding to χ ∼ 0.02, which
reaches the order of realizing QPT required here. Em-
ploying the squeezing effect into the sideband cooling
technology, the low-frequency mechanical oscillators can
be cooled to its ground state with thermal occupancy of
0.19 phonons [66], which will not destroy our QPT char-
actered by a mechanical macroscopic excitation. How-
ever the quantum noise associating with the mechanical
decay rate γm (from Hz to kHz [31]) will influence this
macroscopic excitation during the reading process. It
requires that the reading time should be much smaller
than 1/γm (from second to millisecond). Moreover, one
should implement the QPT after completing the mechan-
ical cooling to reduce the influence from the quantum
noise associating with an optical decay rate.
The superconducting circuit, depicted in Fig. 1(c), is
a promising candidate for implementing our proposal.
First, g0 can be enhanced dramatically by optimizing
the coupling capacitance C and the tunable bias flux
through the SQUIDs [47]. Secondly, the collective cou-
pling strength λ ∼ 100 MHz can be realized in the super-
conducting circuit [56], leading to χ reaching the order
of 10−2 required here. Lastly, regarding the description
of circuit QED system with N artificial atoms, there still
exists debate on the A2 term originally from the effec-
tive kinetic energy of system [20, 21]. However, as shown
the above results, the proposed single-photon-triggered
QPT can be realized both in the cases of ignoring and
including the A2 term.
VI. CONCLUSION
In summary, we have proposed a single-photon-
triggered superradiant QPT (associating with a single-
photon-triggered Z2 symmetry breaking) by combining
cavity QED and optomechanics. We showed that this
superradiant QPT will not be limited by the no-go theo-
rem, and the competition between the A2 term and the
quadratic optomechanical coupling induces a reversed su-
perradiant QPT in our model. Moreover, this superradi-
ant QPT also could be implemented approximately in a
finite parameter regime (e.g., N ≥ 10). This work may
fundamentally broaden the fields of cavity QED, optome-
chanics and statistical physics. It offers the prospect of
exploring the single-photon-triggered quantum critical-
ity together with its applications in the high-precision
single-photon quantum technologies.
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Appendix A: Diagonalization procedure of
Hamiltonian (3)
To diagonalize Hamiltonian (3), we introduce a bosonic
mode d ([d, d†] = 1) by using the Holstein-Primakoff
representation of the angular momentum operators, i.e.,
J+ = d
†√N − d†d, J− =
√
N − d†dd, and Jz = d†d −
N/2. In terms of d, the Hamiltonian (3) becomes
Hn = Ω(d
†d−N/2) + ωnb†nbn
+ λn(b
†
n+bn)
(
d†
√
1− d
†d
N
+
√
1− d
†d
N
d
)
+Cn.
(A1)
In the thermodynamic limit N → ∞, this Hamilto-
nian could be reduced to a bilinear formation when
χ < exp(−2rn) (corresponding to the normal phase),
Hnp = Ωd
†d+ ωnb†nbn
+ λn(d
† + d)(b†n + bn)−
N
2
Ω + Cn, (A2)
by ignoring terms with powers of N in the denominator.
Then Hamiltonian Hnp can be diagonalized to Hnp =
ω−e
†
1e1 + ω+e
†
2e2 + Eg via a Bogoliubov transformation
given by
bn = ξ
(b)
− e
†
1 + ξ
(b)
+ e1 + ζ
(b)
− e
†
2 + ζ
(b)
+ e2, (A3a)
d = ξ
(d)
− e
†
1 + ξ
(d)
+ e1 + ζ
(d)
− e
†
2 + ζ
(d)
+ e2, (A3b)
6and their Hermitian conjugations. The coefficients are
given by
ξ
(b)
± =
cos θ(ωn ± ω−)
2
√
ωnω−
, ζ
(b)
± =
sin θ(ωn ± ω+)
2
√
ωnω+
, (A4a)
ξ
(d)
± =−
sin θ(Ω± ω−)
2
√
Ωω−
, ζ
(d)
± =
cos θ(Ω± ω+)
2
√
Ωω+
. (A4b)
Here the angle θ is decided by tan(2θ) = 4λn
√
Ωωn/(Ω
2−
ω2n). Here the excitation energies
ω2± =
1
2
[
ω2n + Ω
2 ±
√
(ω2n − Ω2)2 + 4χ2Ω2ω2
]
, (A5)
and the rescaled ground-state-energy Eg/N = −Ω/2.
The corresponding ground state of system is a two-
mode oscillator ground-state |G〉np = |00〉e defined by
e†iei|00〉e = 0|00〉e (i = 1, 2). It has a conserved par-
ity symmetry i.e., Π|G〉sp = |G〉sp, testified by the zero
ground-state coherence of field 〈b〉g = 0. Here 〈b〉g can
be calculated by using the relationship between modes
b and ei given by the used transformations, including
the squeezing transformation b→ bn and the Bogoliubov
transformation bn → ei.
When χ > exp(−2rn) (i.e., in the superradiant phase),
both the field bn and the two-level systems are macro-
scopically excited, which leads to the result that Hamil-
tonian Hnp becomes invalid. In this case, we firstly apply
one of two displacements into modes bn and d with ampli-
tudes β =
√
ΩN
4ωn
(χ2n − χ−2n ) and ν =
√
N
2 (1− χ−2n ), i.e.,
bn → b˜n + β, d → d˜ − ν or bn → b˜n − β, d → d˜ + ν.
By the similar procedure used to derive Hnp, Hamil-
tonian (A1) is reduced to another bilinear Hamiltonian
Hsp in terms of b˜n and d˜, which can be diagonalized to
Hsp = ω˜−e˜
†
1e˜1 + ω˜+e˜
†
2e˜2 + E˜g via a Bogoliubov transfor-
mation given by
b˜n = ξ˜
(b)
− e˜
†
1 + ξ˜
(b)
+ e˜1 + ζ˜
(b)
− e˜
†
2 + ζ˜
(b)
+ e˜2, (A6a)
d˜ = ξ˜
(d)
− e˜
†
1 + ξ˜
(d)
+ e˜1 + ζ˜
(d)
− e˜
†
2 + ζ˜
(d)
+ e˜2, (A6b)
and their Hermitian conjugations. The coefficients are
given by
ξ˜
(b)
± =
cos θ˜(ωn ± ω˜−)
2
√
ωnω˜−
, ζ
(b)
± =
sin θ˜(ωn ± ω˜+)
2
√
ωnω˜+
, (A7a)
ξ˜
(d)
± =−
sin θ˜(Ω˜± ω˜−)
2
√
Ω˜ω˜−
, ζ˜
(d)
± =
cos θ˜(Ω˜± ω˜+)
2
√
Ω˜ω˜+
. (A7b)
Here the angle θ˜ is decided by tan(2θ˜) = 2ωnΩ/(χ
4
nΩ
2 −
ω2n) and Ω˜ = Ω(1 + χ
2
n)/2. The excitation energies
ω˜2± =
1
2
[
ω2n + χ
4
nΩ
2 ±
√
(χ4nΩ
2 − ω2n)2 + 4Ω2ω2n
]
(A8)
and the rescaled ground-state-energy E˜g/N =
−(Ω/4)(χ2n + χ−2n ). Now the ground state of sys-
tem |G〉±sp = |00〉±e with e˜†i e˜i|00〉±e = 0|00〉±e (i = 1, 2)
becomes twofold degenerate, i.e., the same ground
state energy E˜g is obtained based on the above two
choices of displacement applied into the modes bn and
d. Here the sign ± corresponds to the direction of
displacement applied into bn, which ultimately leads
to different relationship between the original field b
and the introduced mode e˜i. Consequently, the Z2
symmetry of this ground state is spontaneously broken,
as is evident from the non-zero ground-state coherence
of field 〈b〉±g = ± exp(rn)β, which could be calculated
by using the relationship between modes b and e˜i given
by all used transformations, including the squeezing
transformation b→ bn, the displacement transformation
bn → b˜n, and the Bogoliubov transformation b˜n → e˜i.
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